SOLUTION OF INVERSE PROBLEMS FOR THE QUASILINEAR HEAT CONDUCTION
EQUATION IN THE SELF-SIMILAR MODE FOR THE MULTIDIMENSIONAL CASE

T. B. Gardashov UDC 536.24

Explicit solutions are found for inverse problems for the quasilinear heat
conduction equation in the case of self-similarity of the process for the
multidimensional case. The unknown thermophysical characteristics depend on
the temperature distribution.

Mathematical modeling of nonstationary heat transfer processes is closely connected
with the solution of inverse problems concerned with the determination of nonlinear thermo-
physical characteristics of the mathematical mode; these characteristics are coefficients
of a quasilinear heat conduction equation. References [1-4] are concerned with differing
approaches to inverse problems of the determination of nonlinear thermophysical charac-
teristics of mathematical models. In [5-9] self-similar solutions are employed to deter-
mine nonlinear thermophysical characteristics for a mathematical model, these characteris-
tics being the coefficients of a one-dimensional quasilinear heat conduction equation, and
also systems of quasilinear heat conduction equations. 1In the present paper, in contrast
to the papers mentioned, we consider a multidimensional quasilinear heat conduction equa-
tion.

I. We consider a thermal process described by the equation
oT

with initial and boundary conditions

T (x, 0y=0, x€D, (2)

T(O’ Xas X3y .oy Xp, t) =f1tm,
T(x1, 0, X3, ..., X, &) = fot™,

(3)
T@b@,%PMxMLchﬂﬁ%t>Q

where f;, i = 1, n, and m are given constants; n 2 2 is a given positive integer. With
no loss of generality we assume that f; > 0.

Before presenting a statement of the inverse problem we indicate sufficient conditions
for guaranteeing self-similarity for a solution of boundary value problem (1)-(3). We as-
sume the following condition A to be satisfied: if m = 0, then Q(T) = 0; but if m # 0,
then G(T) and A(T) are homogeneous functions of order ¢ # 0 and Q(T) is a homogeneous func-
tion of order ¢ + 1 — 1/m.

We seek a solution of Eq. (1), subject to conditions (2) and (3), in the form T(x, t) =

thy(z), where z = (zy, 2,, ..v, 2p), 2 = xit'llz, i =1, n. We then find that under as-
sumption A the function v(z) satisfies the equation
mC©)— 0500 ¥ 72 =32 (1) ) 4 g, zeD )
e 2 s 0z; Jz;

and the conditions
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v (o0, 0, ..., 00)=90,

(5)
U(O, 22, 23, wany Zn—l’ Zn) = fl!
v (21, 0, 23, s Zpoys Zn) = [as
......... (6)
U(zli 29y 23y eery Bp—1s O)an,

Our interest centers on a solution of inverse problems concerned with determining the
coefficients of Eq. (1). It is obvious that if the coefficients of Eq. (1) are unknown,
the conditions (1)-(3) are then insufficient for their determination. It is therefore
necessary to append additional conditions to the system (1)-(3). We give several such
typical conditions usually used in solving inverse problems:

T'(x, &) = 1o (x), x€D, . (7)

TMm, x', )= («', 8), ¥ €D, t>0,
l ' (8)
[T o, tydiy =y (', 1), X' €D, >0,

) (9)

Each of the conditions (7)-(9) has a real physical meaning. Function ¥,(x) gives the
temperature distribution in the body at time t = ty; function ¢,(x', t) is the value of
the temperature on the curve x; = n for arbitrary time t > 0; and function wz(x', t) is
connected with the expression for the general quantity of heat contained in domain (0, [ )
for arbitrary time t > 0. It is readily seen that for each of the functions ¥,(x), ¥,(x',
t), ¥,(x', t) a self-similar solution of Eq. (1) (see [7]) can be determined uniquely:

M@:@ﬂ%Wﬂa,V&Q“w1ﬁkg=

_ (A )2’" ( Nz, NZs M2 n?
— ( _wl ] y oty r 2 > =
\ 7] \ z1 Zl 21 21
_2m 1 ] Nl-am lz, lzq Iz, 2
- ‘l_——— lp2 ’ FECERTY ’ 9 ) "*—
2 41 2 4 21
41 L \2m 3y, ([ Iz, Iz, Iz, 2
+ 3 __ ’ 3 sy 3 '—’2—') y
Z % 0zy \ 2z %y 21 2y
X3 (10)
2; = 0.
Vi

Conditions different from relations (7)-(9) also exist, which make it possible to
determine a self-similar solution of Eq. (1). To avoid considering each of these cases
in detail, we assume that a self-similar solution of Eq. (1) is given and that one or
several coefficients of Eq. (1) are to be determined.

Let C(T) > 0 Q(T) < 0 be specified on (0, +») and let these functions be bounded and
continuous. From conditions (1)-(3), with the twice continuocusly differentiable function
v(zy) = v(zy, 2,'%7, 25100, (.., zn(°)) given, we are required to determine coefficient
A(T), continuous, positive, and bounded on (0, ), where 22(0), 23(0), vens zn(°) are given
positive numbers. We assume, in addition, that A(0) = x, > O, Vai (z1s Eo)» Vzizg (z4,
Ey,), i = 2, n, are also given, where §, = (zz(o), 23(0), e zn(°)). We introduce the
notation: aj(z,) = VZi(Zl’ E0)s Bi(zy) = Vziz4 (z1, 8¢)s i =72, n, f, = max{f,, f,,
£}

Let the following conditions by satisfied:

1) y(z,) has an inverse function F(y), defined on (0, f,] with domain values on [0,
+);
n
—9 | 2
2) Fy (y)T,Z:oa‘ (F@)#0, y€(O, fol.

We then have the following expression for function A(T):
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MT) = exp[— f“p () ds][ 0 + \TR(s)exp[ Py dt] ds] , (1)
0 0 .

where

P(5) =

g Fu@ 13 -
i (F — 5 + N o (F J ,
Py }1. B e

0,5C(y) F(y)

R(y) = [mycw)—cz(y)— o
Yy

—0,5C (9) 2 A, (F(y))] x

|zt 3 oa,-(F(y»J*
¥ =2

Actually, Eq. (4) can be written in the form
- du
:S ( 0z; ) +_:S

=1
= meC (v) — 0,5C (v) Zzl , ZED. (12)

23

This equation is valid for arbitrary z € D. We write Eq. (12) at the point (z,, &,) € D;
in the resulting equation we pass over to the inverse function z, = F(y) and we consider
that

Uz, (71, Eo) = F? (y), Uz,2, (215 Téo) = - Fy_3 (.’/) Fyy (y)

Then in.the notation adopted above Eq. (12) is transformed to the form

! N 1Py & Fyy (4)
_— L N g, , ) __ wN) —
ot S )| <y>7[2 bl ) — 8 30

=2 =9

= mC ) — (6 — 056 ) L + 3 A r o]

i=1

From this we have

M)+ P r)=R®). (13)

A solution of this ordinary differential equation, with the condition A(0) = k,, has
the form (11). This establishes the validity of formula (11).

But if coefficient A(T) is given and it is coefficient C(T) that is being sought, then
under the assumptions enumerated above we have the expression

( = ! LN o2 b SIY —
cm-{[ T2 <F(T)>l (T”[%ﬁ'w(ﬂ)

__FTT(T)1 | . F(T) . i
) J“THQ(T)}[’”T oF, (1) 2

n —1
Z 2% (F (T))} ) (14)

The right side of Eq. (14) is assumed to be continuous and positive. A similar expression
holds also for coefficient Q(T) if A(T) and C(T) are given.

II. Assume now that we wish to determine coefficients C(T) > 0, A(T) > 0, Q(T) of
Eq. (1) simultaneously. We consider the cases m = 0 and m # 0 separately.

1°. Assume m = 0. According to condition A, in this case we must put Q(T) = 0. It
is obvious that to different initial data f;, i = 1, n in condition (6) there correspond
different solutions of Eq. (4). We assume that the numbers f,;, f,3, i = I, n correspond
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to self-similar solutions v,(z), v,(2) of Eq. (4). Let the functions y = v,(z;, £,), vy =
v,(z,, £,) be given and suppose we wish to determine the unknown coefficients A(T) > 0 and

c(T) > 0, where &, = (z,(1), z,(1), ..., zn(l)), £, = (2,(2), 2,(2), ..., zn(z)); in parti-
cular, we may have £; = £,. In addition, we assume that vkzi(zl, Ek) s szizi(zl’ Ek)s k =

1, 2, i =2, n, A(0) = k, > 0 are also given. Let Fy(y) be the function inverse to the
function vi(z,, &x),

M@ =! 3 {z B (i () — 28] H N fay (Fi () +

Py ny Fiy (9)
+ %]}!; s ; i (Fy (y»” N s (Fr () +
I’::J yy)) } N = {—[ ot 2“1: (ﬂ(y))] M(o)—
—LE Bt (F2 (4) — = ‘y:((i) M}‘ Vo, (Fy () + If;(f))} ,

ki (21) = Unz; (21, &)y Bri (21) = Unzye; (210 Bn), 0= 2, n,
= max {fhlv fk% ney fkn}, k: 1) 2'

Assume m = O and that the following conditions are satisfied:

1) Function y = vg(z,, k) has an inverse function Fy(y), defined on (0, fy] with domain
of values on (0, «);

2) Fo ()0, Fiy () 0, ﬁzi"’am (F (o) +
+ —%%#0, Jew f =1, 2
X (Fals) + j::y((y))J #0.

We then have the following expressions for functions A(T) and C(T):
7

MT) = %o exp [— [ M (s)ds], TE(O, fil, (15)
0

T
C(T) = — 2%oN (T) exp H M(S) ds}, T €(0, f,. (16)
b

Actually, we rewrite Eq. (4) for k = 1, 2 in the form

n o <
Z(avk) o) ¥ az"w(hwosvz";kcm)—Ok—l? (17)

=1 t—l L i==1 t

This is a system of ordinary differential equations with respect to A(y) with unknown func-
tion C(y). In Eq. (17) we go over to the inverse function z, = Fy(y) and consider that

Vkz, (215 Ex) = Fiy~ y), szlzl(zl’ Ex) = Fryy(¥)Fky” 3(y). Then in the notation adopted
above we have

; Q () Fi. (y) .
[ 0 2 otni (P ( y»] [ 3 o E )+ )] W)+
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n Fru () » Fol) 170 0
+[i=22mi(Fh<y)) e sz oy )+ (y)} A (9)

+0,5C (y) =0, k=12 (18)

From the equation for k = 1 we subtract the equation for k = 2. Then using the notation
adopted above, we obtain

A(y)+M(y)r(y) =0.

A solution of this ordinary differential equation, with the condition A(0) = k, has the
form (15). Substituting the expression obtained for A(y) into Egqs. (18), we deduce that
expression (16) is valid. Thus we have shown that formulas (15) and (16) are valid.

a0

2°. Now let m # 0. According to condition A, in this case, C(T) = c¢,T9, A(T) =
AT9, Q(T) = Q, To+1-1/m yhere cg >0, Ay >0, Qp £ 0, and 0 are certain numbers. Assume ve
wish to determine coefficients C(T) > 0, A(T) > 0, Q(T) s 0 of Eq. (1); this leads to ob-

taining unknown constants in the expressions for these coefficients. We assume that ¢, >
0 is a given constant and we wish to determine A, > 0, o, Q, < 0. Let

BB m 3 <
= (21, 2, ..., 2§ ), Qpy = 2 [Uzi(z(k))lz,

i=1

"
o <
Bz =0 (@) B e (V) ey = o @,

i=1
Br = com [v ™) — 0,5¢,0 (z™) Z 0., %), k=1, 2, 3,

O = (Ol190lgg — Ob130hgq) (Glo1Olys — GlyyOlgg) —
— (®y90hag — Oya0yg) (051005 — Q11%33),
P = (Broy3 — Protag) (010005 — Ob190a3) —

— (Byor1s — B1ttss) (Cag0tys — 0L31Cl33)-

Assume that at the three arbitrary points z( ) z(z), z(a) we are given values of v(z),
Vay (z), vzlzl(z), i=1T1,n, and aB > 0, @, 073 # ayq0,3, detlhoggl # 0, k, s =1, 3, Bk, k =
1, 3 .do not vanish simultaneously.

ew1te

Equation (4) is true for arbitrary z € D and C(v) > 0, A(v) > 0, Q(v) < 0, I{ )
23

down Eq. (4) for C(v) = cov9, A(v) = A,vo, Q(v) = Q,vot~ 1/m at the points z 1), z
and use the notation adopted above, we then find that

hoO0tp1 + AoGipe 4 Qo@pg = P, k=1, 2, 3.

W
2)’

Under the assumptions adopted above, this system has a unique solution:

Ao = B/a, 0 = [B (X205 — Cag0iys) + & (Byys — 0tasBy)l/ B (Agy0tss —
— U13003), Qo = [0t (By0ta; — @11Ps) + B (0110000 —
— Qyp001)]/ O (G105 — GyyOlag).

TABLE 1. Comparison of Exact and Approximate Values of Thermal
Conductivity Coefficient

T

A

0.1653 10,2019’ 0,2466 ‘0,3012‘ 2,3679 (0,4493 0,5488 10,6703,0,8187 1,000

1 , 0,70 0,65 0,60

0,5 | 0,50 (0,45 | 0.40 [0,35 lo,so 0,925
3 ] 0,7195 [0,6681| 0,6172

0,5624| 0,5095 [0,4610| 0,4096 0,3520’0,35200,2489
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An analogous formula holds if, instead of XA,, o, Q,, we seek other numerical parameters.

The explicit expressions obtained in sections I and II make it possible to work out
simple stable algorithms for an approximate solution of the inverse problems considered
above [10].

Example. Consider the determination of coefficient A(T) > O from conditions (10-(3)
when n = 2, C(T) = 1, Q(T) =0, m = 0, ty = 1, T(xy, X5, t§) = ¥p(x;, %;) = exp(—=x,, —
X,). It follows from Eq. (11) that A(T) = (1 — InT)/4, 0 < T < 1. A direct verification
shows that in the given case T(x,, X,, t) = [(-x; — x,)}/VEl, v(z,, z,) = exp(—z, — z,),
MT) = (1 —~ InT)/4 satisfy the conditions for systems (1)-(3) and (4)-(6).

In Table 1 we have shown for comparison the exact and. approximate values of coeffi-
cient A(T) at the nodes of a nonuniform grid introduced in the interval [0, 1]. Here use
has been made of relation (12). The first and second rows of Table 1 give the exact and
the approximate values, respectively, for A(T); the approximate values are obtained from
relation (12).

NOTATION

t, time; ty, time interval of observation; D, domain in n-dimensional euclidean space;
D= {x:x = (X, Xy, +--5 X)s X{ > 0, i =T, n}; D', domain in (n — 1)-dimensional euclidean
space; D' = {x'":x'" = (x5, X3, ..., Xp)» Xy > 0, i =2, n}; x = (x;, X5, ..., Xp), arbitrary
point of domain D; x' = (xz, Xgsy ovey xn), arbitrary point of domain D'; T, temperature
field; C, volume heat capacity; A, thermal conductivity coefficient; Q, strength of internal
sources; n, %, fixed positive points; @ =D x (0, ty], v = [(3/8x,), (8/3x,), ..., (3/3xy)].
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